Recent data on hadron multiplicities in central Pb+Pb collisions at 158A GeV/c at mid-rapidity are analyzed within the concept of chemical freeze-out. A non-uniformity of the baryon chemical potential along the beam axis is taken into account. An approximate analytical solution of the hydrodynamic equations for a chemically frozen Boltzmann-like gas is found. The Cauchy conditions for hydrodynamic evolution of the hadron resonance gas are fixed at the thermal freeze-out hypersurface from analysis of one-particle momentum spectra and Bose-Einstein (HBT) correlations. The proper time of chemical freeze-out and physical conditions at the hadronization stage, such as energy density and averaged transverse velocity, are found. 
I. INTRODUCTION
Systems which are created in ultra-relativistic A+A collisions at SPS and RHIC are initially very dense and display collective behavior. The quasi-macroscopic nature of those systems allows to study new states of matter at the phase boundary between a hadron gas (HG) and the quark-gluon plasma (QGP). Among the different methods to study it, an important role belongs to precise measurement of hadronic observables. One-and multi-particle hadron spectra, however, do not carry direct information about the phase transition since one should expect strong interactions in the hadron resonance gas after hadronization. Usually, different theoretical approaches are used to diagnose the matter properties at the transition point. A rather fruitful concept is that of chemical freeze-out. It implies, first, that the initial hadronic state is in chemical equilibrium [1, 2] . Second, the chemical concentrations of HG do not change during the evolution. The latter assumption is justified by the observation that the rate of expansion in HG is larger than the rate of inelastic reactions and less than that of elastic collisions [3] . It gives the possibility to use the approach of local thermal equilibrium and hydrodynamic expansion of HG at approximately frozen chemical composition. The initial conditions for the hadronic stage of the collective expansion are determined by matter evolution in the pre-hadronic phase and also by particle interactions and hadronization conditions.
If chemical freeze-out takes place, it is defined by a temperature and chemical potentials conjugated to conserved quantum numbers. To extract those thermodynamic parameters from total particle number ratios one has to assume uniform temperature, baryon and strangeness chemical potentials as well as a unique hadronization hypersurface σ ch (x) for all particles. The result is a common effective volume for all hadron species, that completely absorbs effects of flow and a form of the hypersurface and approximately cancels in a description of particle ratios [4] .
In detail, the situation may be somewhat more complicated. While baryon stopping seems to be fairly complete at AGS energies [5] (see also Ref. [6] where possible deviations from the full stopping are analyzed quantitatively), there are clear indications for an onset of transparency at top SPS energy from the observed fairly flat rapidity distribution of pions in Pb+Pb central collisions [7, 8] and, in particular, from the difference in rapidity distributions between protons and antiprotons, which cannot be explained by longitudinal flow developing after full stopping. As a consequence, one could expect particle number ratios taken in mid-rapidity, especially involving nucleons, to differ somewhat from those integrated over 4π. On the other hand, a consistent hydrodynamic analysis then must be based on an analysis of data in a narrow mid-rapidity region, which is done in this paper. We also note that, in a boost-invariant scenario as observed at RHIC, chemical freeze-out conditions are the same for any individual rapidity slices taken within a wide enough rapidity interval.
The object of this paper is to reconstruct the hadronization stage within the hydrodynamic approach. We assume that hadronic matter at that stage has locally a maximal entropy. Effects of hadron-hadron interaction (excluded volumes [9] , mean field [10] ) as well as specific conditions of hadronization (e.g., possible conservation of number of quarks during the hadronization [11] ) are rather complicated and model dependent. So it is naturally to use minimal number of parameters and take all that into account in the simplest way, i.e., as a unique factor changing the particle numbers. In other words, we describe the system at the stage of hadronization as a mixture of ideal gases with additional common chemical potential µ ch . Afterwards the system expands hydrodynamically with frozen chemical composition, cools down and finally decays at some thermal freeze-out hypersurface σ th (x) which could be different for different particle species [12] . Then long-lived particles stream freely into detectors, resonances decay and also contribute to spectra of observed particles. We reconstruct a state of the system at the earlier hadronization stage, find energy and particle number densities and also estimate roughly the effects of interaction at the hadronization stage using an approach described in the following.
From the analysis of slopes of transverse momentum spectra and of interferometry radii for different particle species one can restore the space-time extensions, collective flow parameters and temperature at the thermal freeze-out stage, when the thermal system decouples and particle momentum distributions change no longer. The method of joint analysis of the spectra and correlations was used in Refs. [4, [13] [14] [15] to reconstruct the thermal freeze-out stage. Note that, to evaluate the detailed behavior of the (pion) spectrum in the whole transverse momentum region, one needs in detail knowledge of the unobserved resonance yields. They can be estimated from the temperature and baryochemical potential at chemical freeze-out. An attempt to determine the resonance yields in that way was undertaken in Ref. [14] . There however, a trajectory assuming isentropic expansion in full chemical equilibrium was employed following Ref. [12] , in contradistinction to the assumption of chemical freeze-out. In this paper we make a new analysis of the thermal freeze-out stage within the hydrodynamic approach for lead-lead collisions based on recent experimental data on one particle spectra and HBT correlations for different hadron species. We estimate the basic parameters at thermal freeze-out from an analysis of the slopes of particle spectra and of the correlation functions at regions of high enough transverse momentum to minimize the influence of resonance decays. We use also the previous results from Refs. [14, 15] to determine the influence of uncertainties in reconstruction of the thermal freeze-out stage on the reconstruction of the hadronic gas parameters at chemical freeze-out.
Recent evidence [1, 2, 16] support strongly the early interpretation [17] that chemical freeze-out at SPS and higher energies takes place at or near to the phase boundary (see also the discussion in [18] ). We employ a similar approach here with emphasis on the analysis of particle ratios near mid-rapidity. To complete the reconstruction of the hadronization stage and find its space-time extension, we solve the hydrodynamic equations with the Cauchy conditions that are found at thermal freeze-out, and consider the solution backwards in time until the chemical freeze-out temperature is reached. The method leads to unique results due to the scale invariance of the hydrodynamic equations for a mixture of ideal Boltzmann gases with reference to scale-transformations of pressure and densities of energy and particles at a fixed temperature. For such a system the variation of initial densities by a unique factor results in the same scale transformation of the solutions. Therefore, the temperature as function of time does not depend on the common chemical potential, which defines absolute values of densities: the temperature depends only on concentrations of different particles species. The latter do not change during the hydrodynamic evolution and are determined by the baryonic and strangeness chemical potentials and temperature just after hadronization. Finally, from reconstructed space-time extension of the chemical freeze-out and a particle numbers in mid-rapidity we determine the densities at hadronization and the common chemical potential.
An alternative way to determine hadron gas parameters is used in Ref. [12] . There, a hydrodynamic approach is followed from the initial condition of an equilibrated QGP through the phase transition and hadronization. Subsequent to hadronization the system is assumed, in fact, to evolve as a mixture of mutually non-interacting gases with fixed chemical composition. In the present approach we, instead, solve the hydrodynamic equations for a complete system under the explicit condition of particle numbers conservation. The distinctive feature of our method is the analysis backwards in time.
In Sec. II we discuss the possibility to extract the thermodynamic parameters at chemical freeze-out from the particle number ratios when those parameters are non-uniformly distributed in rapidity. In Sec. III we consider the particle number ratios in a hydrodynamic approach to A+A collisions. The optimization procedure is applied to fit recent experimental data for Pb+Pb (CERN, SPS) collisions and find the temperature, baryonic and strangeness chemical potentials at chemical freeze-out. In Sec. IV we analyze the property of hydrodynamic expansion in a central slice of space-time rapidity for a chemically frozen mixture of ideal Boltzmann gases. Approximate hydrodynamic solutions for non-relativistic transverse flows are found. In Sec.V the Cauchy conditions at thermal freeze-out, such as proper time, temperature and transverse velocities are defined from the analysis of spectra and Bose-Einstein correlations. In Sec.VI the corresponding " inverse in time" hydrodynamic solution is analyzed and the space-time characteristics of the matter at the hadronization stage are reconstructed. The later are applied to restore the energy and particle number densities at that stage. The conclusions and a discussion of the results are presented in Sec.VII.
II. THE PARTICLE NUMBERS AT MID-RAPIDITY FOR EXPANDING HG
We assume that just after hadronization, the system can be described at some hypersurface σ ch (x) as a locally and chemically equilibrated expanding hadron resonance gas. The effects of interaction and possible peculiarities of the hadronizaton process are taken into account by a common factor changing particle numbers in the ideal gas; the factor is associated with an additional common chemical potential µ ch . In concrete evaluations, as was performed by many authors, instead of considering a finite chemical and thermal freeze-out hypersurfaces σ(x) in Minkovsky space, we use the common profile factor ρ(x) at proper time τ (r) ≈ const to guarantee the finiteness of the system (see the discussion on the validity of such an approximation in [13] ). Then the total multiplicity of a particle species i at chemical freeze-out is calculated by
where
) is the Bose-Einstein or Fermi-Dirac distribution function in our approach , and µ i,ch = B i µ B + S i µ S + µ ch . The additional chemical potential µ ch is unique for all particles species. The effect of isotopic chemical potential has been investigated in [2] and found to be small. It is neglected in this paper. Taking into account the invariance of the distribution function under Lorentz transformation, one can carry out integrations over momentum variables and finally get
where in Boltzmann approximation for the distribution function the thermodynamic densities n ch i (x) have the form
and K n (u) = 
.). One can rewrite (2) in the form
where the volume V ch of system is expressed through the integral of the hydrodynamic 4 -velocity u µ (x) and the profile factor ρ(x) over the hypersurface σ ch :
We further define the density averaged over the chemical freeze-out hypersurface by
If temperature and chemical potentials are uniform over the chemical freeze-out hypersurface, then n
) and the standard analysis of particle number ratios in 4π geometry can be performed to find the temperature and chemical potentials. However, if T and µ are not uniformly distributed over the hydrodynamic tube at the hypersurface σ ch , then the similar analysis implying the substitution n i → n ch i ( T ch , µ i,ch ) with some average temperature and chemical potentials, could result in significant deviations for the values one is interested in [19] . To reduce the corresponding uncertainties, the analysis of particle ratios in a narrow rapidity interval near mid-rapidity should be used as we will discuss below.
To analyze non-uniformly distributed systems, let us start from the well known observation [20] that, at the latest stage of a hydrodynamic evolution, the longitudinal velocity distribution corresponds to the asymptotic quasi-inertial regime, v L = z/t. This property, which is the ansatz in the Bjorken model [21] for each moment of time, is realized at the freeze-out stage even in the Landau model of complete stopping [20] .
1 Consequently, we assume in the following the boost-invariance for longitudinal hydrodynamic velocities at the last (hadronic) stage of the evolution, v L = z/t. This then allows us to parameterize t and z at σ by the form:
where r is absolute value of the transverse coordinate r and η is the longitudinal fluid rapidity,
The parameter τ (r, η) generalizes the Bjorken proper time parameter τ . Taking into account also a transverse velocity component (v(r, τ ) in the longitudinally co-moving system, LCMS), we obtain for the 4-velocity
The element of the hypersurface σ(x) takes the form
Let us, first, introduce for an expanding HG the effective volume V ef f attributed to one unit of rapidity. To determine V ef f one can write the particle number distribution differential in fluid rapidity η for particle of species "i" at chemical freeze-out:
Here we assume that the chemical potentials as well as the temperature are constants in transverse direction across the freeze-out hypersurface. Taking into account the invariance of the distribution function under Lorentz transformation, one can carry out integrations over momentum variables and finally gets
and
The particle number distribution over momentum rapidity y is
One can rewrite Eq.(12) in the form
From Eq. (13), one can conclude that, for a nonuniform distribution of thermodynamic parameters along the beam axis, the analysis of particle number ratios at mid-rapidity, y ≈ 0 can be based on ratios n i /n j if correction factors δ i (0) are small. One can include corresponding corrections in the non-unique "effective volume"
Let us estimate the correction factors. The saddle-point approximation to the integrals over fluid rapidity η in (12) can be applied when the parameter m i /T (η) 1 at the saddle point η ≈ y. Then, at mid-rapidity, the area around η = y = 0 gives the main contribution to the integral over η in (12) and one can expand the slowly varying functions into a Tailor series around the saddle-point η = 0. We neglect a variation of T (η) in space rapidity η in comparison with the variation of µ ch i (η), assuming that all non-uniformity originated from incomplete baryonic stopping. This implies an increase of the baryonic chemical potential with the absolute value of rapidity. Assuming that the transverse expansion is non-relativistic, with a freeze-out that occurs at approximately equal proper time τ , and that the profile ρ(x) can be factorized, ρ(x) = ρ T (r)ρ L (η), we estimate the correction factor at mid-rapidity:
All thermodynamic parameters here are taken at mid-rapidity. One can see that the factor δ i is rather small for baryons, because the ratio T ch /m i is small, as well as it is small for pions, because their baryonic number are equal to zero. Therefore, as follows from Eq.(13) for δ i 1 the analysis of particle number ratios at a narrow mid-rapidity interval can be based on ratios n ch i /n ch j [4] . These values are the same as for Boltzmann gas in a static volume. It is worth to note that the second derivative in formula (15) is positive for incomplete baryonic stopping and, so, δ i > 0. As we will discuss later, the consequences of it are non-trivial and rather important for pion production via decay of baryonic resonances after the thermal freeze-out occurs. Note that the hadron production at thermal freeze-out, in fact, can be described by the equations of this section with the substitutions ch → th and, taking into account the absence of chemical equilibrium at thermal freeze-out: µ i,th , cannot be expressed via two common independent parameters and the quantum numbers of particle i in the way as it was done for µ i,ch .
III. THE ANALYSIS OF PARTICLE NUMBER RATIOS
In ultrarelativistic A+A collisions a hadron resonance gas is assumed to appear due to the hadronization process. Subsequent, it expands and reaches the final stage of the evolution -the thermal freeze-out. According to the hypotheses of chemical freeze-out, the total number of each particle species is preserved during the evolution. After the hydrodynamic tube decays and produces final particles, one has to take into account also particles that come from resonance decays. In our calculations the resonance mass spectrum extends over all mesons and baryons with masses below 2 GeV. Decay cascades are also included in the analysis. The value of the strangeness chemical potential µ S is fixed by baryonic chemical potential and temperature from the condition of local strangeness conservation. We optimize the particle number ratios at mid-rapidity, using the corresponding values for Pb + Pb collisions at 158A GeV/c from WA97 (Table 1 ) and NA49 (Table 2 ) experiments, excluding from optimization procedure pions as the lightest particles, the later circumstance can result in serious corrections, besides of Bose-Einstein enhancement effect in the distribution function, which we will discuss below. Then we describe the data in the model of a chemically equilibrated ideal hadron gas (HG). The feeding in our calculations is tuned according to the experimental conditions as described below.
In the geometry of the WA97 experiment the feed-down from weak cascade decays is expected to be of minor importance [23] , and so the Λ (Λ) have not been corrected for feed-down from Ξ weak decays, and Ξ have not been corrected for feed-down from Ω. But feeding of Λ (Λ) from electromagnetic decays of Σ 0 (Σ 0 ) is included. We did not include (according to the NA49 experimental procedure [8] ) feeding of p and p from Λ, Λ and from Σ + , Σ + . In the NA49 experiment Λ and Λ yields include the contributions of Σ 0 and Σ 0 as well as feed-down from weak Ξ decays [8] .
The feeding of π − from kaons and from Λ is not included [7] . We included feeding from φ decay into kaons (NA49 and WA97) and pions (NA49). For technical reasons in the model calculations we used the following substitution:
− , a good approximation for Pb+Pb collisions [24] . The results for the best fit are shown in Tables 1 and 2 for Boltzmann statistic (BS) and quantum statistic (QS) calculations. The obtained temperatures T ch ≈ 164 MeV and baryochemical potential µ B ≈ 224 MeV differ slightly from the corresponding values of Ref. [2] , T ch ≈ 168 MeV, µ B ≈ 266 MeV, that were gotten from analysis of particle number ratios in different limited rapidity intervals as well as in full 4π-geometry. The deviation between calculated particle ratios and experimental data are within the error of the data of WA97, excepts for the ratios which contain Ω. As to the p/p ratio of NA49, one has take into account that the corresponding data p/p ≈ 0.11 are rather preliminary and differ much from published NA44 data where the value is twice less [27] . It is interesting to note, that in rapidity interval 2.0 < y < 2.5 shifted by 0.65 units of rapidity from central mid-rapidity point, the correspondent value measured by NA49 [29] is 0.06 ± 0.01.
As one can see from Table 2 the most significant deviation between model and data is for the (p − p)/π − ratio where the calculations predict a value about 30 percent larger then observed. Considering typical sizes of systematic errors in the data of at least 10 percent one should, however, not overestimate the statistical relevance of the discrepancy. In part, it maybe due to the reduction, compared to the results of Ref. [2] , in µ B since there are less baryons at midrapidity then are expected in scenario of full baryon stopping. Because about 1/2 of the pions result from baryonic resonance decays this also leads to a reduction of pions in the model and, thereby, over-prediction of the (p − p)/π − ratio.
The above effects of the non-uniformity in rapidity of the baryochemical potential can be estimated numerically. First, note that our result for (p − p)/π − ratio implies the same effective volume for pions as for other heavier hadrons. In fact, the pion volume is larger due to pion contribution from resonance decays. To explain that, let us, first, note that because of large resonance masses, comparing with the thermal freeze-out temperature, the momentum rapidity y of a resonance coincides with the rapidity η of the corresponding decaying fluid element and, therefore, the distribution of resonances in y follows their distribution in space-time rapidity η. The latter is determined mainly by the baryochemical potential that has a shallow minimum at η = 0. When resonances decay into the lightest particles, pions, there is a rather wide kinematic "window" ∆y in rapidity for emitted pions. Then resonances with y beyond mid-rapidity may affect the multiplicities of pions at mid-rapidity. It is similar to a diffusion process: there is transport of pions from baryon rich peripheral y-regions to the central region. One can roughly estimate the effect of pion "diffusion" towards mid-rapidity using an effective temperature T dec for those pions resulting from baryon decays. Taking into account that m π /T dec ∼ 1, one can see from Eqs. (13) and (15) with substitution ch → th, that a correction, increasing the effective volume for pions produced by baryonic resonances, could appear. Our numerical estimate is based on the baryonic density profile for AGS energies taken from Ref. [6] , gives a contribution of about 10 % for pion transport to mid-rapidity region. Whether there are other mechanisms increasing, in particular, the number of pions at mid-rapidity, such as decay of a potentially formed disoriented chiral condensate, cannot be decided by the present analysis.
To provide the hydrodynamic calculations and estimate the energy density one may, phenomenologically, "fix" (p − p)/π − ratio by introducing an additional chemical potential for direct pions at chemical freeze-out of µ π = 89 MeV. Note, however, that the apparent anomaly in (p − p)/π − ratio has only little influence on the hydrodynamic behavior of chemically frozen HG considered in the next section.
IV. HYDRODYNAMIC EVOLUTION OF CHEMICALLY FROZEN HG
We describe hadron matter evolution at mid-rapidity after hadronization by the relativistic hydrodynamics equations for an ideal fluid:
where T µν = (ε + p)u µ u ν − g µν p is the energy-momentum tensor of the Boltzmann-like gas (see Sec. II), ε = ε i is energy density and p = p i is pressure. We assume a quasi-inertial, Bjorken-like, longitudinal flow with velocity v = z/t at the post-hadronization stage of evolution. Thereby 4-velocities are described by Eq. (7). The energy densities are proportional to the profile factor ρ(x) similar to density of particle species "i" (2):
Here ε i (x) are thermodynamic energy densities in the Boltzmann gas. The equation of state for such a system has the form:
Due to chemical freeze-out the conservation of particle number density currents for each species of hadrons is explicitly implemented in Eqs. (16) . We ignore the possible change of the particle number concentration during the relatively short hadronic expansion, since even for most intensive inelastic reactions such as resonance decays and baryonantibaryon annihilation the role of back reactions is rather essential, as was discussed in Ref. [28] . Assuming that the hypersurfaces σ(x), where the flow is in a quasi-inertial regime (7), correspond to the proper time τ (r, η) = √ t 2 − z 2 ≈ const and using the non-relativistic approximation for transverse flow v T ≡ v (in LCMS):
one can get from Eq. (16), in a way similar to Ref. [30] , the approximate hydrodynamic equations
and the exact equation
Note that the equations (19)- (22) are related, in general, to non-uniformly distributed energy and particle densities. Among them, the last equation (22) is the only one that governs the dependence of densities on fluid rapidity η. The others contain η as a parameter. It allows us to analyze the solutions of the hydrodynamic equations (19)- (21) for any fixed rapidity. Our special interest concerns the point η ≈ 0 corresponding to the main contribution to multiplicities at central rapidity.
Using the equation of state (17) and conservation of particle number density currents (21), one can rewrite Eqs. (19) , (20) in the form:
We will search for the solutions of Eqs. (23), (24) using a factorized ansatz for the profile factor:
and assuming that it does not depend on τ . Then, from Eqs. (21), (24) and (25), we get the equation for the transverse velocity v(r, τ ):
The solutions (23), (26) of the hydrodynamic equations (19)- (21) can be found numerically by using, e.g., program package Mathematica [31] . First, from the Eq.(23) we find the temperature as the function of τ in the approximation of no transverse expansion, and after that calculate the transverse velocity from Eq. (26) . Note that our solutions correspond to hydrodynamic equations with non-constant velocity of sound c 2 0 (ε, n i ) = p/ε. They describe nonrelativistic transverse flows to first order. It is possible to find the second order terms, if one takes into account the next order terms for transverse flow in the all basic relativistic equations (16) . To 2 nd order the profile factor ρ T depends also on τ , e.g., if it has initially Gaussian form, it loses that form and becomes more flat (with sharp edges) when τ increases. However, the effective volume V ef f (11) does not change its value as compared with the first approximation and is still proportional to τ .
One can see that the equation for temperature (23) depends only on the concentrations κ i of different particles species and does not depend on absolute values of densities, and, so, does not depend on the unknown common chemical potential µ ch . The concentrations κ i are completely defined by the temperature and baryochemical potential that are extracted from the fitting of particle number ratios (see Sec. III). Then Eq. (23) gives the possibility to find the proper time of chemical freeze-out τ ch if one knows the initial conditions: temperature and proper time τ th at thermal freeze-out. The latter values, as well as the transverse size and intensity of transverse flow at thermal freezeout, can be found from analysis of p T -spectra and HBT correlations. Then solving (23) numerically with condition T (τ th ) = T th at thermal freeze-out, we find T (τ ), and then find τ ch from the equation T (τ ch ) = T ch . It gives the possibility to find the effective volume at chemical freeze-out, V ch ef f = (τ ch /τ th )V th ef f . Further, using the absolute value of rapidity distribution for some particles, e.g., for pions, we can find the common chemical potential µ ch -the factor that changes the energy and particle number densities as compared to chemically equilibrated ideal gas. Finally all densities at chemical freeze-out can be determined. Using the Eq. (26) one can also obtain the transverse velocity v(r, τ ) at chemical freeze-out for given profile ρ T (r).
V. RECONSTRUCTION OF THERMAL FREEZE-OUT STAGE
To reconstruct the thermal freeze-out conditions, we assume that the freeze-out happens in a rather narrow time interval at approximately constant temperature T th . It corresponds in our solution to some proper time τ th ≈ const. We choose the transverse profile factor at thermal freeze-out in Gaussian form, ρ T (r) = exp(−r 2 /2R 2 T ); as we noted before, in the basic approximation it does not depend on time during the hydrodynamic evolution. Then we have for the effective volume (11): V ef f ≈ 2πτ R 2 T and, as follows from Eq. (26), v(τ, r) = v (τ, 0)r for v 2 (τ, r) 1 if the velocity distribution at thermal freeze-out is linear in r for small enough r. To extract the temperature and transverse flows at thermal freeze-out we fit in our model the experimental spectral slopes for different particle species.
The transverse spectra for direct particles can be expressed through the Wigner function:
At a region of small p T the contribution from the decay of resonances has a peak that results in a significant change of the slope of transverse spectra. At large p T , the relative contributions of a resonance decays are distributed much more uniformly in p T , especially if transverse flow takes place, so the slopes of the spectra are approximately the same as for direct particles [32] . At very high energies p T > 2 GeV particles from the hard partonic processes at the early collision stage may contribute to the spectra. We are fitting the transverse spectra according to Eq. (27) in the m T −interval between 0.3 and 2 GeV/c for pions, kaons and protons. For hyperons we use an interval up to 3 GeV/c. The other important point is how our results are influenced by the velocity profile. According to Eq. (26) the Gaussian form of density ρ T (r) dictates the linearity of the transverse velocity in r at small r if initial velocity profile is linear for small r. Of course, such an approximation is associated with the non-relativistic approach for transverse flow. Note that the integration in Eq. (27) is carried out over all r-region requiring to use correct velocity distributions when v(r, τ ) < 1 in the whole region r < ∞. So we have to extrapolate relativistically the velocity distribution in the r-region of applicability of our hydrodynamic solution, where v 2 (r, τ ) 1, to larger r . For this aim we use the results of Ref. [33] where two "extreme" relativistic extrapolations of a linear transverse velocity distribution from non-relativistic region to relativistic one was used:
where v(r, τ th ) ≈ rv (τ th , 0) for small transverse velocity v(r, τ th ). The extrapolation (28) corresponds to "hard" flow, while the extrapolation (29) -to "soft" one [33] . We have used both of them to fit spectra and found that the deviation in extracted temperature T th as well as in v (τ th , 0) is about 5 percent. It means also that for SPS energies the relativistic tails of transverse velocity profile have no essential influence on the spectra in above mentioned momentum region, the transverse expansion, therefore, is basically non-relativistic. Thus we reproduce the plots of spectra for only one velocity profile corresponding to the "hard" flow, see also discussion in Ref. [33] . There are two fitting parameters in the analysis of the slopes of transverse spectra according to Eq. (27) 
One can see that 1/ √ α is the hydrodynamic velocity at the Gaussian "boundary" of the system,1 As one can see from Fig. 1 the pion spectra can be described with good accuracy in two regimes: relatively low temperature of thermal freeze-out, T th = 100 MeV and semi-relativistic transverse flow, α th = 4, on the one hand and higher temperature T th = 135 MeV and non-relativistic transverse flow (within the typical size of the system at freeze-out R T ) , α th = 7, on the other hand. While the latter parameterization describes well the spectra of all particles, except, possible, the baryon Ω, the former cannot reproduce the data on spectral slopes except for pions (see Figs. 1, 2) .
It is worth to note that the transverse spectra for Ω could be described rather well, if one assumes that it escapes from the system just after hadronization with corresponding chemical freeze-out parameters: T ch ≈ 163.37 MeV and α ch ≈ 13.7 , the latter is evaluated from the hydrodynamic equations (see next section) with "initial" values T th = 135 MeV and α th = 7 at thermal freeze-out. The satisfactory result for the Ω -transverse spectra with chemical freeze-out parameters, presented in Fig. 2 , justifies the assumption of earlier freeze-out for Ω that could happen just after hadronization due to small cross-sections of these particles.
Finally we fix the thermal freeze-out parameters T th = 135 MeV and α th = 7 according to the best fit for the set of transverse spectral slopes for pions, kaons, protons, Λ, Ξ and Ω. Another parameterization, which we demonstrate for comparison, T th = 100 MeV and α th = 4, is closed to that in Refs. [14] . The reason to use such parameterization was that relatively large transverse flow corresponding to α th = 4 gives the possibility to describe satisfactorily the decrease of the observed pion interferometry radii with increasing of p T . As a consequence, the temperature of thermal freeze-out becomes low, about 100 MeV. Such interplay between flow and temperature is easy to understand qualitatively from a simple approximation for spectral slopes:
that is valid for heavy mass particles and non-relativistic flow [13] . As one can see from Fig. 1 and Fig. 2 , such a low temperature parameterization fails to reproduce the spectra slopes for p, K, Λ, Ξ and Ω particles.
To discuss the problem, we would like to draw attention to resonance decay as an important factor that could influence the behaviour of the interferometry radii in p T , a factor that was not yet taken into account quantitatively.
It is rather difficult because one needs to take into account of a large number of resonances. We note that the wide spread opinion that due to relatively small temperatures in hadron resonans gas one can use only resonances with low masses is not quite correct and, at least, needs verification, because the number of resonance states at a fixed mass interval increase quickly with mass.
Generally, the contribution of resonance decays into the final particle correlation function is a rather complicated effect. Namely, the resulting resonance contribution to the interferometry radii depends mostly on the following: statistical weight and mass distribution of resonances in the rest frame of fluid element, the intensity of flow, lifetime of resonance, feeding from middle-lived resonances, such as ω, and the kinematic "window" for pions coming from resonance decay. The important factor is also the length of the region of homogeneity [35] , that is effective size of fluid element emitting the resonance in some p T region, for developed flows it is rather less than the corresponding values for pions due heavier resonance masses. All these factors vary for different resonances and we cannot a priory exclude or easily estimate the influence of resonance decays on the interferometry radii at CERN SPS A+A collisions. Qualitatively, the steep decrease of the observed interferometry radii on p T could be due to an interplay between two factors: transverse expansion of the hydrodynamic tube and contribution to the radii from resonance decays. For relativistic transverse flow the contribution of low-mass resonance decays to the interferometry radii is negligible [36] , [32] and the decrease is determined mostly by flow. If the transverse expansion is not very intensive, the decrease of the interferometry radii on p T is the result of both effects: flow and decays of resonances [37] . Therefore, in our opinion, the detailed evaluation of the resonance contribution to interferometry radii in hydrodynamic approach needs a serious study, taking into account the contribution of high mass resonances. In this paper we analyze the interferometry radii for pions, kaons and protons at maximal measured p T region only, in order to minimize the influence of resonance contribution.
Our calculation of Bose-Einstein and Fermi-Dirac correlation function,
proper time and transverse Gaussian radius of the system at thermal freeze-out for fits 2 − 4 are taken from Refs. [14] , and for fit 5 from Ref. [15] . In the columns 4, 5 we present our results for the values of chemical potential of direct pions µ π,th and average particle number density (before resonance decay) n th at the thermal freeze-out, which were calculated by the method described in the next section for different parameters T th , τ th , R T (fits 1 − 5). One can restore the proper time of the chemical freeze-out from the intercept of the curve T (τ ) at the temperature of the chemical freeze-out T ch ≈ 163.37 MeV, that was found from the analysis of particle number ratios. Using the result, τ ch = 5.7 fm/c, one can calculate the effective volume 2πτ ch R 2 T ≈ 968 fm 3 associated to unit of rapidity at mid-rapidity, and then find common chemical potential µ ch from pion multiplicities at mid-rapidity, dN π − /dy ≈ 160 [7] . For direct pions the common chemical potential µ ch is added to phenomenological one: µ π,ch = µ π + µ ch . Then one can easily evaluate the energy and particle densities.
Our results are presented in Table 5 . The first line corresponds to parameters at thermal freeze-out which are represented in the first line of Table 4 . In Table 5 we present also our results for proper time and densities at the hadronization stage based on the thermal freeze-out parameters taken from other papers: fits 2-5 from Table 4 .
From the results presented in Table 5 one can see that the ratio of energy density to total particle density at chemical freeze-out reaches the value ε ch /n ch = 0.997 GeV, in agreement with the phenomenological observation in Ref. [41] . The similarity of these values in different relativistic nucleus-nucleus collisions could be an evidence that universal hadronization processes occur in all these reactions. The energy density at the hadronization point ε ch ≈ 0.42 GeV/fm 3 is close to results of lattice calculation at the region of the phase transition and about equal to the energy density inside a nucleon. Note that for temperature and chemical potential found in [2] at the chemical freeze-out, we get ε ch ≈ 0.54 GeV/fm 3 and ε ch /n ch ≈ 1.16 GeV, that is close to our results. Using the values of concentrations of HG and temperatures at chemical and thermal freeze-out, we get for conventional velocity of sound c 2 0 = p/ε = T / κ i e i (T ) the values 0.164 and 0.145 at chemical freeze-out and thermal freeze-out, respectively. Such relatively small values are determined by the large average mass of particles in hadron resonance gas, that is 0.662 GeV for hadronic masses below 2 GeV.
In Table 4 we list also the total particle number density n th , and chemical potential for direct pions µ π,th at thermal freeze-out. One can see that for small temperature fits, T th = 100 ÷ 120 MeV (fits 2 and 3) the chemical potential of direct pions at the stage of system decay seems to be too large and closed to condensation point, µ π,th = m π .
From Eq. (26) and using the previously determined average velocity at the thermal freeze-out v th , we calculate the averaged velocity at chemical freeze-out v ch ≈ π 2α ch = π 2 v (τ ch , 0)R T for fit 1. It is found that the average velocity at the hadronization is: v ch ≈ 0.339 justifying the non-relativistic approximation a posteriori. 
VII. CONCLUSIONS
The reconstruction of the hadronization stage for CERN SPS Pb+Pb collisions at 158A GeV/c is obtained within the hydrodynamic approach for the post-hadronization stage. Because of incomplete stopping at SPS energy we demonstrate that the analysis of particle ratios can be done within a relatively narrow rapidity window near mid-rapidity, provided one takes a non-uniformity in µ B into account. We estimate that the non-uniformity of baryochemical potential may result in small but noticeable (≈ 10 %) contribution to the pion multiplicity at mid-rapidity due to transport of pions from resonance decays from non-central rapidity regions. Using an optimization procedure for the calculating particle number ratios near mid-rapidity, and also reconstructing the thermal freeze-out stage from spectra and correlations for different particle species, we find the physical conditions at the hadronization stage. The proper time for chemical freeze-out is found to be too small, τ ch = 5.7 fm/c to reach the chemical equilibrium in pure hadron gas, or cascade "event generator", approach. The energy density is found to be close to the results of lattice calculations at the point of the phase transition. The ratio of energy density to total particle number density is found to be about 1 GeV that, seems, is the universal value for hadronization process.
